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spectively. Analogously, the third and fourth rows give
the covariants for those groups in which &7 transforms
like x; or x,, without or with parity labels.
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Abstract

The joint probability distribution of all structure factors
Ey  (,j=0,...,m)inan (m + 1) x (m + 1) Karle-
Hauptman matrix is derived for structures in the space
group Pl.

Introduction

The joint probability distribution of the normalized
structure factors Ep,_y,, En—n,-..and Ey, _ _n,
where hg,..., h,,_, are fixed and h,, is the primitive
random variable leads via the conditional joint prob-
ability distribution of the phases ¢n,—n,, .-+ @n,_,—h,
to the maximum-determinant rule for phase determina-
tion: the most probable values for the phases ¢n,—p,,
--+s ®n,_,—h, are those for which the determinant of the
Karle-Hauptman matrix (Karle & Hauptman, 1950)
with last column Ey _y, , ..., En,_,—n,» E, takes on its
maximum value (de Rango, 1969; Tsoucaris, 1970).
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The distribution of only one structure factor, say
Ep,p,, is obtained by fixing the magnitudes and phases
of Ep_ny-esEn,_,—n,- The maximum of this
distribution gives the most probable value for Ep, 4,
expressed in (i) the Ey,—p (i = 1, ..., m — 1) and (ii)
the remaining structure factors in the Karle—-Hauptman
matrix (de Rango, 1969; Tsoucaris, 1970). From a
probabilistic point of view the structure factors (i) and
(iiy are of a different nature since for (i) the E h—h, are
fixed but the reciprocal-lattice vectors h; — h,, are not,
while for (ii) the reciprocal-lattice vectors are fixed.

We shall show that it is possible to treat all structure
factors in the same way. For structures in space group
P1 we shall derive the joint probability distribution of
all structure factors Ey,_p, in a Karle~Hauptman
matrix, where all h;, h; are primitive random variables.
Two different routes will be followed. The first is
straightforward and does not resort to any previous
work on determinants. The second involves conditional
joint probability distributions and shows both the
similarities and differences from the earlier probability
calculations that led to the maximum-determinant rule.

As will be shown in the following paper the joint
probability distribution of all structure factors in a
Karle-Hauptman matrix leads to new functions whose
maxima correspond with the most probable values for
structure-factor phases.

©1979 International Union of Crystallography
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Notation

N: number of atoms in the unit cell
Z;: atomic number of atom j

N
o,=2 Z

j=1

Eh_z —ﬁexp (2mh.r)

m m
’
IT= H I
1=0 =0
i1<ip
m m m
X'=2 2
i1=0 i2=0
i1 <iy
m m m
X'=2 2 X
i1=0 [2=0 i3=0
i1<ix<iy
m m m m m
X"=2 2 X
1=0 i2=0 i3=0 i4s=0
i<i<iz<iy

The joint probability distribution

First method

Denote by P(R,,; ®,,) the joint probability distribu-
tion of the magnitudes and phases of Ep,—n, En,—ny
Ehl—hz’ Eho—h,, Eh.—hss Ehz—h3$ vy Eho—h,,.’ Ehl——hm, LR
Ey, _—n,» where hy, ..., h, are the primitive random
variables. Then, analogous to Karle & Hauptman
(1958),

m

, ©, 27
P(R,,; Dy) = G )m(ml+21) f f ..
0 o0
© 27 m
J‘ fe =i Z’ Riiizyiiizcos (ailil-— ¢i1iz)]
(V1]
N m
'
X ].—I qj(ylm; alm) 1_[ yilizdyiiizd“iiiz’ (1)
j=1
in which

Z;
qi(ylm; alm) = <H €Xp { 1/2 —a Vi

x cos [27n(h; — hiz).rj—a,.“z]]> )
h's*

The R;; and @,;; are the variables corresponding to the
magnitudes and phases of the Ey_,; the y; and a
are the corresponding variables of the characteristic
function.

The exponentials in (2) are expanded into Bessel
functions, the averages of the individual terms are

THE JOINT PROBABILITY DISTRIBUTION OF STRUCTURE FACTORS

calculated and the Bessel functions are written as
ascending series of (Z,/6}/%)y, ;.. The result is

qj(ylm;alm)= l——— Z ynx;

402

1 Z "
-ty 3/22 y'i'zy'zhylllscos(al|12+alzla 1113)

1 Z‘ Hnr
+ ’8‘?:2 Z Wiouidii i,

X cos(a;, +a; , +a,;

— ;1) + ViV Vi Vi,

x cos (a; =)+ Vii Vi Vi Vi

iy T %aiy — Xy,

1
X coS§ (alilx Cipiy + iy — 11‘4)] o (NZ) ®

where O'(1/N?) denotes terms of order 1/N? and
higher in which the terms of order 1/N?are independent
of the a,,. The exponential form of (3) {1 + x =
&1 + O(xz) } is used to calculate qu We obtain

N
H qj(ylm; alm) =
i=1

m
n
eXp) —— Z yl,lz_ 3 o3 Vi Yii Vi
1 O, mlll
X cos (ali'z aizia _ailiJ) + 8_ 2 [yil fzyizis
2
X Piy1, i1, 08 (g gy + Qpygy + g = Ay

+ two terms]] [1 + 0 (1%)] . C)]

Next the integrations in (1) are performed. We collect
all terms that depend on a,; and y,,, and employ the
sum of cosines formula

2. x;cos (a+ B;)=A cos (a + &), (5)

where 4 and ¢ do not depend on a, and
A= [Z 2 x; x; cos (B, — ﬁ,.z)]”z. 6)

For the calculation of the integrations with respect to
@,, and y,, we use [Watson (1966), p. 20 formula (5)
and p. 393 formula (1)]
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exp (—3y* — iay cos a) y dy da= 4mexp (—a?).

|
0 @)

The same procedure is applied to a,, Vo5 @125 V12> Gg3s
Yo3s Q135 Vi3> @35 Va3 +vs Qoms Yoms Qyms Vims -~ and
@ im> V- 1 TESPeCtively. [In fact this procedure is first
applied to the a,y up to and including «,,, y,,. Then a
formula for P(R,,; ®,,) in which the integrations with
respect to the «, y up to and including «,,_,,, y,_,, have
been performed suggests itself. Next this formula is
proved by mathematical induction.] The result of these
calculations is

okﬁg’

H’ i
P(R’m; D) = m(m+1)/zz exp Z Rtltz

g m ' 0'2 ml
3 12 3 nr
+2— Z Ty —2— Z Qinis+ Quityiasy
03 o

2

1
+ Qiliaizia)] [1 +0' (ﬁ)] ’ ®)
in which
Til iy — Rl.lthzl,Rt,lg Ccos (¢ll + ¢ ¢i,i,), (9)
Qi,i;i;i,, - 1112R1213R1314Rl|l4
X cos (@, + D, + D, — D, ), (10a)
Qi.izi,,l; Rllllezl4Ri3i4Rili3
X o8 (D + By — Dyi, — i) (10B)
Qi,i3i2i4 Rzlz;Rm,Ri;i,Ri,i‘
X COS (¢“ d)‘zls + ¢ ¢i,i‘)’ (10(.‘)

and O'(1/N) represents terms of order 1/N and higher
in which the terms of order 1/N are independent of the
phases. These higher order terms may contain sums of
five phases and more.

Second method

Denote by P(X,,|X,,_,) the joint probability distri-
bution of Ey 4, E,.l h,» +- s En,_,—h,> wWhere hg, ..
h,,, are the primitive random variables and Eho_h
Eho hy Ehl hys Eho hys Ehl h], Ehz | FLCRETY Eho hy_yp
En-t, ,»--+sEn,_,—n,_, are given. The calculation”of
this conditional joint probability distribution appears to
be only slightly different from the calculation of the
joint probability distribution of En_p, Ep_n,, -
Em,_,-n,> where hy, ..., h, _, are fixed and h,, is the
primitive random variable (for the latter see Heinerman,
1975). Up to and including those terms of order 1/N
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that depend on the phases of the structure factors the
expressions for these joint probability distributions are
the same if the structure consists of equal atoms. The
result for P(X,,| X,,_,) reads

1
——— exp (-X} U7, X,)
U

m—1

Lo}

where X,, is a column vector with components Xom
Xipsovos X 1ms X, is a row vector with components
that are the complex conjugates of those of X,,; U,!,
and U, _, are the inverse and determinant of U,
respectlvely — for U,,_,T see Fig. 1 — and 0’(1/N) de-
notes terms of order l/N and higher in which the terms
of order 1/N are independent of the phases. In deriving
(11) use is made of the fact that U,_, is positive-
definite. The joint probability distribution P(X,,) of
the structure factors Ey_pn,, En,—n, En,—ny Eny—n,s
Eh, hy» Ehz hys - Eho h,» Eh, h,» ...,Ehm_ —h,, equals
a product of conditional probability distributions:

P(X,) = P(X | Xy _ ) P(X 1) X ) o P(Xp). (12)

P(lelem— l) =

(11)

I The elements of U, _, arise from terms

Z —exp [27i(h, — ). r;]l.X, >
i hp, hg

j=1
in the characteristic function of P(X,,! X,,_)). To calculate these
terms use is made of the ‘least-squares’ estimation

Z — exp [27i(h, —

h)rj]- 2 x
i=192

3/2 P’

which is exact for equal-atom structures.

1 93 O3 O3
w01 32 00277777 32 © 0m-1
0, 03 o3
:
1
D xs 1 il E
320 12 :
o ;
H
1}
L 9 v I :
3202 32 712 N i
a3 . i
] ‘\ 1
: R '
H o
1 S
[ N
B I, 1
Om—1
o

Fig. 1. The matrix U, _,. The X*’s are the complex conjugates of
the X’s. For the case when the structure consists of equal atoms
U,,_, is a Karle-Hauptman matrix.
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From (11) and (12) it is found that

P(Xlrn)= :

m
— em&ZHWL&)
n=1
n.m(m+l)/2 H U,,_ .

n=1

{oold)

Next, employing

3 U
—X[ U, X, = 2 | 1
3 Un—l

03
l¢f. Tsoucaris (1970), equation (9)] and

(13)

(14)

0'3 "n
+?Z (X, . X, XX, + XX XX X,

o By “Miiy i iy, “Migly ui3)

n
O'; "

X, X, X, . X*

6 iy Tlpiy “Hiyiy iy

+ X* X* X*

hip T hiy il

X,

iyig

*
Xy + X, X

213

+ X, X, XE X
162

by g i

+ X* X* X,

iyiy “iply “Tyig

X, X*

il

1Y) §
+ XXX XY X'li.)+0,(ﬁz)’ (15)

fydy “Hiyig “ri

where X™ denotes the complex conjugate of X, we
obtain

m

1 '
P(Xx,,)= T exp [— Z 1X; 12

(4 P
+_32 (X iy Xiyi, X + X3 X5 X, )

3/2 i3 LG iyl iy iy i
03

0'32 ml
o3

"X X, X, X*

iy by iyiy iy
¥ YE Y ¥ Yok
+ X XN XY X+ X X, X

+X* X* X, X, . +X , X* X.. X*

By M his iy M Iyl iyl Ty iy

1
+ X X, X Xni.)] [1 + 0 (K/)] . (16)

It can readily be seen that the transformation X =
R exp (i) (which implies dX = R dR d®) in (16) leads

I Quintets and higher-order structure invariants are contained in
O'(1/N?).
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to (8). From (15) it follows that correct up to and
including those terms of order 1/N that depend on the
phases the exponential in (16) can be written as
exp [(63/62)(U,, — 1)]. This means that to our degree of
approximation P(X,,) solely depends on the deter-
minant U,,,.

Discussion

The joint probability distribution of all structure
factors in a Karle-Hauptman matrix has been calcu-
lated up to and including those terms of order 1/N
that depend on the phases. The exponent of this distri-
bution contains squares of structure-factor magnitudes,
triple products and quartets. For large values of N and
when m < N, which has been assumed throughout our
calculations [in the calculations of de Rango (1969)
and Tsoucaris (1970) it was implicitly assumed that
m < N; ¢f. Heinerman (1975)], these terms constitute
the most important part in the evaluation of a Karle—
Hauptman determinant, Therefore our joint probability
distribution resembles that of de Rango (1969) and
Tsoucaris (1970) in the sense that it will lead to a
function of the phases which is closely related to a
Karle-Hauptman determinant. The relation between
our calculations and those of de Rango and Tsoucaris
is best seen in our second method where we use
conditional joint probability distributions of the
structure factors in the last columns of Karle—
Hauptman matrices.

In our joint probability distribution all structure
factors Ey, _y, (i,j =0, ..., m i # j) are variables. This
permits the integration with respect to an arbitrary
number of phases ¢p,_p, and an arbitrary number of
structure factors Ey_p, (i.e. magnitudes and phases)
leading to a function which depends on a restricted set
of phases (see following paper). This does not hold for
the joint probability distribution in' which only h,, is a
primitive random variable. For the latter the structure
factors Ep—n, (i =0, ..., m — 1) of the last column of
a Karle-Hauptman matrix are variables, but the
remaining structure factors are not. In our calculations
all reciprocal-lattice vectors are primitive random
variables and all structure factors as functions of the
reciprocal-lattice vectors are variables.

Finally another remark should be made about the
primitive random variables. In the approach adopted in
this paper we considered the structure as fixed. It was
also assumed that certain conditions with regard to the
atomic position vectors (not specified here) are fulfilled.
A second approach is to consider the reciprocal-lattice
vectors as fixed and the atomic position vectors as the
primitive random variables. However, if it is assumed
that the reciprocal-lattice vectors fulfil certain condi-
tions the second approach leads to the same result as
the first. For examples of precise formulations of the
conditions with regard to the atomic position vectors
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in the first approach and the reciprocal-lattice vectors
in the second see Heinerman (1977a; 1977b, ch. IV)
and Heinerman, Krabbendam & Kroon (1977). As
discussed earlier (Heinerman, 1977a) the approach in
which the atomic position vectors are the primitive
random variables opens the possibility of including
structural information.

We are very much indebted to Professor Dr F. van
der Blij of the Mathematical Institute of the Rijks-
universiteit Utrecht for discussions on mathematical
problems.
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Abstract

From the joint probability distribution of all structure
factors in a Karle-Hauptman matrix new phase prob-
ability distributions are obtained. These calculations
lead to a reformulation of the maximum-determinant
rule for phase determination. In addition a new function
is derived whose maximum corresponds to the most
probable values for the phases of an arbitrary subset of
the structure factors in a Karle-Hauptman matrix. This
function accounts for the interaction among phases in a
Karle-Hauptman matrix through triple products and
quartets simultaneously.

Introduction

The maximum-determinant rule for phase determination
(deRango, 1969; Tsoucaris, 1970) has been derived from
the joint probability distribution of the normalized struc-
ture factors Ey _y_, En o, --- and Ey _ _y_ where hg, ...,
h,,_, are fixed and h,, is the primitive random variable.
Since the h; (i = O, ...
(i,j =0, ..., m — 1), which enter into the joint proba-
bility distribution of £y, _y, (i =0, ..., m — 1), are also
fixed. Therefore their magnitudes and phases should be
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, m — 1) are fixed the E,_,

known before the maximum-determinant rule can be
applied. In practice, if some of the E},_, are unknown,
they are set equal to zero (Castellano, Podjarny &
Navaza, 1973; de Rango, Mauguen & Tsoucaris, 1975;
Podjarny, Yonath & Traub, 1976).

The present paper gives the derivation of a new
function whose maximum, by analogy with the
maximum-determinant rule, corresponds to the most
probable values for structure-factor phases, but which
does not require knowledge of all Ej, (l, j=0,.

m — 1). The basis of all our calculations is the result
of the preceding paper, viz the joint probability dis-
tribution of all structure factors in a Karle—-Hauptman
matrix (Karle & Hauptman, 1950) for structures in
space group P1. With this distribution we shall perform
the following calculations. (i) By fixing the magnitudes
of the structure factors we obtain a function of phases
which is closely related to the phase-dependent terms
that appear in the evaluation of a Karle-Hauptman
determinant. (ii) Integrations with respect to an arbi-
trary set of phases are performed; next the magnitudes
of the structure factors are fixed. This leads to a
function of phases which is related to that in (i) but
which depends only on an arbitrary subset of the
phases in a Karle—Hauptman matrix. (iii) In addition to
the integrations in (ii) we perform the integrations with
respect to the structure-factor magnitudes that corre-
spond to an arbitrary subset of the phases for which the
integrations have been performed; next, the remaining
magnitudes are fixed. This leads to a function of phases
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